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Abstract The failure or rock-like. quasi-brittle materials is influenced by the dcvelopmetH of an
intrinsic process zone in the form of a localized region of microcracking. In particular. the process
zonc has a fundamental inlportance for defining the structural or system behavior in tern]s or the
post-peak instability. a qualitative size effect. and the maximum stress or material strength. a
quantitative size effect. For geometrically similar beams of difrerent sizes. this paper presents
experimental evidence frOlIl locations of acoustic emissions of the process-zone development. at
maximum stress. in terms of shape and size. The experimenls suggest that a notch etrect developed
in the specimens. with assumed uniform tractions being transmitted between the two boundaries of
the notch. the radius of curvature of the notch was taken to be one-half the width of the intrinsic
process zone. The t~Lilun; criterion was that at peak load the stress at the notch tip reached the
theoretical tensile strength. the so-called characteristic strength of the material. It is shuwJI that
the quantitative size etreel can be ('xplained by extending the classical '-<cubeI' results on stress
coneentrations around notches through an account of the intrinsic process zone and its cohesi\"C
interaction. A notable outcome 01' the analysis is that two competing factors define the nominal
strength of a quasi-brittle material' th(~ positive contribution of the process zone and the competing
aspects of the undamaged "'olume, that is. th(~ size. c J998 Elsevier SCIence Ltd. All rights reserved.

I. Jt\TRODUCTlO'-<

A fundamental concern in most problems involving stressed materials is the prediction of
failure. For ideally brittle or perfectly plastic materials, a stress analysis indicates no
dependence on scale: structures of different sizes fail at the same maximum stress. However.
it has been shown (for instance. Bazant, 1(84) that in materials characterized by micro
cracking, so-called quasi-brittle materials. the nominal strength--the maxinlUm stress
according to elementary methods of strength of materials-evaluated with laboratory
specimens of given geometry and load configuration is dependent on size. [)ue to the
existence of a localized lOne of microcracking. a structure composed of a quasi-brittle
material may fail at a stress quite different, usually smaller but possibly larger, than the
strength value determined in the laboratory.

One of the first attempts to explain size effect is credited to Weibull (1939), who
investigated the statistics of tensile failure based on fracture extension. He showed that the
strength of a material is a function of the volume of the specimen through the application
of the weakest link concept. As explained by Bazant and co-workers (Bazant and Xi. 1991:
Bazant. 1(93), however. the Weibull theory may be inadequate because it ignores the stress
redistribUtions due to localized damage (the process zone) prior to maximum stress. A size
effect in fatigue was noticed by Peterson and Wahl (1936). and notch sensitivity was shown
to reduce with specimen size. Extensive evidence is available from direct and indirect tensile
tests indicating that the apparent or nominal strength is size dependent (flu example.
Glucklich and Cohen, 1967 : Hardy eI al.. 1973: Swan. 1980: Karihaloo and Nallathambi.
1986: Bazant and Kazemi. 1990: Tang et al. 1(91). For uniaxial compression. Millard el
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al. (1955) and Evans and Pomeray (1958) experimentally observed a strong correlation
between size and strength, and suggested a relation in the form

"" = kial/. (I)

where "N is the nominal strength, k and n arc constants, and a is the length of a cubic
specimen, a characteristic size of the structure. Millard et al. (1955) noted that 11 on the
order of 0.5 is expected if existing crack lengths are proportional to the sides of the cubic
specimens. The power law relation was later used by Leicester (1969; 1973) to describe the
effect of size on the strength of concrete. More recently, dimensionless scaling factors
(Cherepanov, 1979: Bazant, 1984) based on fracture mechanics relate the influence of
geometrical features to the strength. The size effect law of Bazant (1984, 1993) provides a
smooth transition for the size-independent behavior [11 = 0 in eqn (1)] to the linear fracture
mechanics prediction (11 = 0.5). Other explanations (Chong et al., 1989: Karihaloo and
Nallathambi. 1990; Shah and Ouyang, 1994) also have been advanced to explain size effect,
all relying on the application of fracture mechanics.

It is evident from experimental observations of quasi-brittle materials that an analysis
of the structural behavior and in particular, an evaluation of the nominal strength, req uire
a knowledge of the evolution of microcracking as a function of applied loads. Among the
methods used to examine development of microcracks within a test specimen is the acoustic
emission technique (for instance, Shah and Labuz, 1995), which is based on the recording
of transient elastic waves resulting from the sudden release of energy due to microcracking.
Optical methods (Hariharan, 1984) measure only surface deformation of the specimen,
while the crack front has been shown to be not rectilinear through a specinlCn (Swartz and
Go, 1984). Acoustic emission seems to be an objective technique to get inf(mnation on the
mechanisms generated in the entire volume.

In this paper, a stress analysis is presented that requires knowledge of the geometric
features of the localized zone of microcracking at peak load, referred to as the intrinsic
process zone, for justifying the scale effect with respect to strength. Geometrically similar
four-point bend beams were considered. The size and shape of the intrinsic process zone
were identified through the locations of acoustic emission, and a characieristic length
claimed to be a material parameter-was required for the analysis. It is delIlonstrated that
the strength-size effect can be explained by extending the classical Neuber results on stress
concentrations around notches through an account of the process zone and its cohesive
interaction. A notable outcome of the analysis is that two competing factors define the
nominal strength of a quasi-brittle material: the positive contribution of the mierocracked
zone and the competing aspects of the undamaged volume, that is, the size.

2. EXPERIMENTA.L APPARATUS

Flexural testing of two rocks, Cold Spring (Charcoal) granite and Berea sandstone,
was performed to induce tensile failure using prismatic beams of rectangular cross-section
in sizes varying by a factor of four. Charcoal granite is a medium grained rock (average
grain size of 2 mm), composed mainly of feldspars and quartz; inhomogeneities within this
granite are crack-like features, I mm in length and smaller (Friedman and Bur, 1974).
Young's modulus (E) and Poisson's ratio (v), greatly intlueneed by the crack density of
about 0.4, are 50 GPa and 0.15 in tension and 55 GPa and 0.18 in compression. The Berea
sandstone (99(~·;) quartz) tested has a porosity of about 18% and a grain size of 0.2 mm.
The existing defects within this rock are pore-like features, and thus the elastic moduli are
approximately the same in tension and compression: E 16 GPa and l' = 0.28. The
specimen geometry was held constant at a span-to-height (L,iH) ratio of 2.67 or 3.0 for
large, intermediate, and small sizes: the dimension of the beams in mm (span x height)
were about 800 x 300 and 400 x ISO for the granite and 900 x 300 for the sandstone and
200 x 75 for the granite and sandstone, all with a thickness (T) of 35 mm. The beams were
loaded in four-point bending over the middle third of the span, producing a region of
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constant moment. Most specimens contained a sawn notch to facilitate post-peak contro!,
although a number of small beams. both granite and sandstone, were tested without a
notch to examine its influence on microcracking.

Experiments were conducted in a closed-loop, servo-hydraulic, I MN capacity load
frame with the feedback signal taken as the displacement measured along the outermost
tensile fiber over a 100 mm gage length (for specimens without a notch) or across the sawn
notch at a gage length of IS mm. A strain-gage based transducer monitored the crack
mouth opening displacement, which was programmed to increase at a rate of 2 ;, 10 4

mm/s. One linear variable differential transformer. an LVDT with a linear range of 0.25
mm, was attached to the centerline of the beam to measure the load-point displacement.
Test control and data acquisition were provided by a microcomputer.

3 ACOUSTIC EMISSION

Acoustic emission (AE) can be detected at the surface of a specimen by a transducer
that converts an acoustic-pressure pulse into an electrical signal of very small amplitude.
The major element of an AE transducer is a piezoelectric ceramic mounted with little
backing, so that the response is under damped. At the optimum sensitivity, the voltage
generated by a I-libar acoustic pressure has a typical value of 0.3 mV. For laboratory
studies on materials such as rock and concrete, transducers that are sensitive between 0.1
and 2 MHz are recommended, because the frequencies of most emissions are included in
this band width.

An acoustic emission system has been designed around CAMAC (Computer Auto
mated Measurement And Control) based, high speed, data acquisition equipment manu
factured by LeCroy Corporation (Chestnut Ridge, New York). The instrumentation con
sisted of four, two-channel modular transient recorders (LeCroy model 6840) with a
sampling rate of 20 million points per second (50 nanoseconds between points) and 8-bit
resolution. The system was designed to capture 64 events with 2 kbytes per event (about
100 j1s) as fast as they arrived. An important aspect to identify the intrinsic process zone
through locations of AE is 10 record a large number of events without interruption. The
total transfer time for 64 events. including the storage time on a microcomputer for post
processing, was about 4 s, yielding an effective sampling rate of 16 events/so

The AE system accommodated eight piezoelectric transducers (Physical Acoustics
model S9225). These sensors. with a radius of.3 mm. were mounted directly to the material
with a methyl-cyanoacrylate glue and catalyst: a consistent coupling procedure reduced
the variability in bonded-transducer response. The entire wave forms were stored auto
matically and sequentially on a hard disk. Preamplifiers (40 dB gain) and filters (band pass
0.1 to 1.2 MHz) were chosen to maximize amplification, minimize noise, and assure matched
frequency response. Typically. the noise at the output of the preamplifiers was around 2
mv. In order to capture events with high signal-to-noise ratios so that spurious events
would not be included, the trigger level was set at 7 mv. A pretrigger of 50 JlS allowed the
entire wave form to be recorded. (I t is necessary to examine the signal before the trigger
point to identify the first arrival.) By knowing these relative arrival times. the P-wave
velocity of the material, and the coordinates of each sensor, the event hypocenter can be
estimated (Salamon and Weibols, 1974; Labuz et ill .. 1996). Only locations with an error
of 2.5 mm or less were considered.

4. EXPERIME\lTAL RESULTS

The conditions at peak stress. with regard to the development of the intrinsic process
zone. were established from tests on specimens with a smooth boundary. that is, no notch.
For the granite beam, locations of acoustic emission up to about 95% of the maximum
stress indicated no localized activity (Fig. lal; the microseismic events were distributed
randomly within the region of constant moment. The picture was different, however, when
the AE hypocenters were determined around peak stress (Fig. Jb). Localization was dearly
identified within a zone approximately IS mm long x 10 mm wide, The results were similar
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Fig. I. Locations of acoustic cmission ill small beams (75 mm height) with a smooth boundary (no
notch). a. (,ranite beam before peak load. b. Intrinsic process lOne in granite beam. c. Intrinsic

process zone in sandstone beam.

for the smooth sandstone beam (Fig. Ie) in that an intrinsic process zone formed at peak
load, although the zone for the smaller-grained rock was about 5 mm wide. For both
specimens, it was observed after the test that the AE locations corresponded very well to
the path of the visible fracture.
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Fig. 2. Orientation of microcracks associated with the intrinsic process zone of the small sandstone
beam (Fig. lc).

The orientation of microcracking was examined through an estimation of the source
mechanism (Shah and Labuz, )995), With the assumption of a point source ofdisplacement
discontinuity and with proper system calibration. it is possible to determine two directions.
one associated with the orientation of the microcrack and the other associated with the
displacement vector. Thus, the normal to the crack plane cannot be determined uniquely.
although it can be inferred from the loading. The source characterization of AE from the
smooth sandstone beam (Fig. Ie) indicated two sets of possible microcrack orientations,
one predominantly vertical and the other subvertical (Fig. 2). By considering the stress field
in the beam, it can be expected that the majority of the microcracks would be vertical.
Therefore, Fig. 2 (as drawn) may be representative of the microcrack development, which
confirmed that the microcracking was preferentiaL
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For beams, the nominal strength (TN of the material, that is, the maximum allowable
stress evaluated according to the elementary methods of classical beam theory, can be
defined by

O'r-- = At IS, (2)

where M is the maximum bending moment and S is the elastic section modulus. From the
small beams with no notch, the nominal strengths for the granite and the sandstone were
12.8 and 6.3 MPa. From experiments on small beams with notches, the maximum stresses
were 12.3 MPa for the granite and 6.2 MPa for the sandstone. Thus, the presence of a
notch did not appear to significantly influence the strength of these quasi-brittle materials
(Labuz c{ al.. 1985). To simplify testing. 2.5-mm long notches were sawn in the small
beams. while notches 5 and 10 mm in length were cut in the intermediate and large beams.
The quantitative size effect for the notched beams is displayed in Fig .. 3; the nOlninal
strength is a decreasing function of the size.

The development of the process zone from the notched beams may be considered at
different stages of loading. For instance, at approximately 85% of thc peak stress, the large
sandstone beam showed (Fig. 4a) a clustering of AE events mainly near the notch within a
width 01'.'5 mm. With additional load application. the concentration of AE activity moved
further away from the notch, indicating damage evolution (Fig. 4b); the width of the zone.
however, was approximately the same, about 5 mm. Near peak load, the intrinsic process
zone was developed (Fig. 4b). Similar results, with regard to AE development, were obtained
for the intermediate and small sandstone beams at different stages of loading. The AE
locations around peak load for a large (notched) granite beam (Fig. 4c) indicated an intrinsic
process zone about 10 mm wide. again very similar to the results from the intermediate and
small granite beams.

In summary, the AE activity around peak stress for the notched beams of different
sizes indicated similar process zone lengths. possibly influenced by the stress gradient of the
different sizes beams, but the widths were approximately the same. Thus, for the sizes
considered, it appeared that the dimensions of the intrinsic process zone, particularly the
width, may be a material characteristic related to grain size and porosity/microcrack density
of the material. Furthermore, it is claimed that the intrinsic process zone is important for
identifying the theoretical strength of quasi-brittle materials, and should be considered for
the determination of a nominal strength.

5. STRESS ANALYSIS

To interpret the characteristic strength of a quasi-brittle material, and the related
problem of the change in nominal strength with size, an approach is suggested that considers



Characteristic strength of quasi-brittle materials 4]97

3D20
01+----,----,----
-30 -20 ·10 0 10

x-coordinate (mm)

10

(a) 60

~
l
100~50 305mm .~
50 / .•.•/. \,+914mm -x ~
0'"

40 o 0.2 0.4 0.6

E Deflection (mm)

E-
Q)

ti1 'li',

c: 30
'":e

0
'li',0

()
I

>.
20

(b) 601-r---------------------,

~
l
100~50 305mm .2

+914mm -x
!

50 ///// \\

~
0/

40 o 0.2 0.4 0.6

E DefIectJon (mm)

E-
*Q) '*ti1 30c:

'5...
0

*0
() *I

>.
20

10

Ol+----,----,----..-pa----r-----,,------i
-30 ·20 ·10 0 10 20 3D

x-coordinate (mm)
Fig. 4. Locations of acoustic emission m large beams (300111111 height) with a notch; the process
zom~ width is indicated by the dotted lines. a. Sandstone beam. up to 85% of peak load. b. Imrinsic

process zone in sandstone beam. c. Intrinsic process zone in granite beam.

a separation of the original and damaged volumes of the material. In this way, the undam
aged portion forms a notched structure--the notch is a consequence of the intrinsic process
zone---with tractions due to some type of cohesive interaction, and this notched structure
controls the peak stress. For the granite, the intrinsic process zone was 15-20 mm in length
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and 8-12 mm in width (Figs Ib and 4c). For the sandstone, the intrinsic process zone was
1217 mm long and 5 mm side (Figs Ic and 4b). The length may be influenced by the stress
state in the specimen, but the width displayed a characteristic features that will be interpreted
as a characteristic length of the material (Bazant and Pijaudier-Cabot, 1989).

In general, the acoustic emission locations showed that a small volume becomes further
microcracked upon reaching peak stress. For a typical specimen, the volume of the intrinsic
process zone was orders of magnitude smaller than the volume of the structure. To capture
the essential behavior, some simplification of the problem may be justified with respect to
the geometry of the process zone and its cohesive interaction. Thus, the experiments suggest
that a notch effect is developed in a specimen, with tractions being transmitted between the
two boundaries of the notch (Fig. 5); the radius of curvature of the notch is taken to be
one-half the width of the process zone. The failure criterion adopted was that of maximum
principal stress: at peak load the stress at the notch tip reaches the theoretical tensile
strength O't, the so-called characteristic strength of the material. Solutions for notched
bodies under the fundamental states of stress (axial force, bending moment, pure shear,
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and torsion) were presented by Neuber (1937) within the framework of linear elasticity. In
addition, the material must be homogeneous, a good approximation because the dimensions
of the specimen were large compared to the grain size of the material.

5.1. Notch ellect
To find a solution that holds at peak stress and that satisfies equilibrium, a decompo

sition of the problem was considered. If uniform traction within the process zone can be
assumed, then the solution is obtained with a superposition of the following three problems
(Fig. 6):

(I) a notched beam with a bending moment, M, without cohesive interaction along the
notch (the fundamental stress field) :

(2) a uniform tensile traction, equal to the theoretical tensile strength of the material,
imposed on the boundary of the notched beam and equilibrated v"ith a tensile force,
N:

(3) a notched beam with a compressive force - N that balances the tensile force.

In this way, the original problem is statically equivalent to the addition of the three
considered problems. Note that conditions (2) and (3) represent the perturbation of the
fundamental stress field due to the intrinsic process zone.

As already stated, the tensile stress at the notch tip is assumed to be equal to the
theoretical tensile strength of the material (JI at peak load:

(3)

where (JII)' (J(2I' and (JD) are the horizontal normal stresses at the notch tip for the three
conditions.

For the considered decomposition,

N = (J,HT,

(4)

(5)

where T and H are the thickness and the height of the beam. Therefore, eqn (3) reduces to

N +-N

Fig. 6. Decomposition of the model.
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a'll+a(31 = O. (6)

It may be shown (Neuber, 1937), assuming a shallow notch of hyperbolic shape, that
the stress at the tip of the notch aill produced by the bending moment M may be written

alii = (Al/S)f] (h/p), (7)

where f;(hlp) is a function of the ratio between the ligament height h and the radius of
curvature of the notch tip p, taken as one-half the process-zone width. Moreover, the stress
v,11' produced by the compressive force _. N is

(8)

wheret;(hlp) is a different function of hip.

Considering eqn (5), it follows that

a"1 -a,(H/h)/;(hlp).

From eqns (7) and (9), eqn (6) can be written

(9)

(10)

where VN is the nominal strength defined by eqn (2) and F(hlp) is the ratio/;/l" If (i = hlp,
then the function FUi) is given by

FUl) = :I Ul) 12 [1 - 3(l( 1+ (l) 12 + 2(i]- (I - - (F)( arctan (l'»);

{r:pI2 [I - (I + W 2]+ (I + fl arctan p12;
( II )

Figure 7, a plot of eqn (11), reveals that with ratios of hlp greater than ten, the function
reaches an asymptotic value approximately equal to 0.74. A logarithmic plot with

1

0.9

::e: 0,8

..c
'-""u.. 0.7

0.6
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2 4

hlp

6 8 10

Fig. 7 Reduction factor for a beam with a notch of radius p.
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11 - h = IS mm (Fig. 8) illustrates the general size effect law (similar to, for instance,
Bazant, 1993) for a quasi-brittle material, with the additional feature of constant nominal
strength for very large structures. assuming a constant value of the process-zone width
(p = 5 mm).

5.2. Discussion
From the size effect eqn (10), note that the nominal strength depends not only on the

theoretical tensile strength of the material, but also on the cohesive interaction (as measured
by the ratio between the beam height 11 and the undamaged ligament h) and the notch
effect induced by the intrinsic process zone (as measured by the function F that depends on
the undamaged ligament and the radius of the notch tip). Indeed. the two factors compete
in defining the nominal strength of a specimen composed of a quasi-brittle material; the
ratio 11/h is the amplification factor due to the cohesive interaction of the process zone,
whereas the function F is the reduction coefficient that represents the perturbation in the
stress field due to the shape and size of the undamaged volume. The ratio 11ih, which is
always greater than one. is the measure of the positive contribution of the process zone to
the nominal strength. From the experiments reported on granite, the ratio is 1.05 for the
large beam and 1.26 for the small beam with p = 5 mm and 11 - h = IS mm. The analysis
suggests that the variation of the nominal strength in these tests was primarily due to the
influence of the process zone.

The size effect displayed by a quasi-brittle material may be related to the width of the
process zone, which is viewed as an intrinsic material length: brittle materials are char
acterized by a small value of the width. For quasi-brittle materials, it is possible to consider
specimens that are large. such that value of ligament height h allow the function F to
approach the lower limit of the nominal strength, which for specimens under pure bending
is about 75% of the theoretical strength. Furthermore, as the material becomes less brittle
(the intrinsic length increases). the specimen size that is needed to determine the lower limit
of the nominal strength for a given test geometry must increase. It may be observed that
when the ligament length is sufliciently small compared to the process zone (assuming that
the analysis for a shallow notch is still valid), the nominal strength evaluated according to
eqn (2) may be larger than the theoretical tensile strength of the material. In this case, it is
possible to assert that the inelasticity of the process zone becomes dominant with respect
to the notch effect that is created by the localization.

Finally, the size effect eqn (10) is based on a mechanical approach manifested through
the features of the intrinsic process zone; p = 5 mm, 11 h = IS mm for granite and p 2.5
mm, 11 - h = 12 mm for sandstone. If the tests on the small beams with a smooth boundary
are used to evaluate the nominal strength UN, and the geometric features of the process
zone are known (as measured by the AE technique). it is possible to determine the true
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tensile strength of the material: 0", was about 13 MPa for the granite and about 7 MPa for
the sandstone. The size effect eqn (10) can then by compared with the experimental results
in Fig. 3, and reasonable agreement between theory and data is shown.

6. COl\CLUSIONS

Acoustic emission (AE) seemed to be a viable technique to identify the localization at
peak load, the so-called intrinsic process zone. From bend tests on laboratory specimens,
the AE locations showed that a small volume became further microcracked upon reaching
peak stress. For a typical beam, the volume of the process zone was orders of magnitude
smaller than the volume of the specimen. It appeared that the development of the process
zone could be idealized as a notch within the structure, with uniform cohesive tractions
being transmitted between the two boundaries of the notch. The radius of curvature of the
notch was taken to be one-half the width of the process zone, which may be related to a
characteristic length of the material.

The proposed stress analysis showed that the nominal strength of a quasi-brittle
material depended not only on the theoretical tensile strength, but also on the size of the
process zone (with respect to the beam size) and the radius of the notch tip. The two factors
compete in defining the nominal strength: the cohesive interaction of the process zone can
amplify the theoretical strength while the perturbation in the stress Held from the notch
effect can reduce the strength. The size dfect displaced by a quasi-brittle material can be
related to width of the process zone: brittle materials will be characterized by a small value
of the width. Furthermore, large specimens can be considered such that the nominal strength
approaches a lower limit. which for specimens under pure bending is about 75% of the
theoretical strength. Thus, as the material becomes less brittle (the intrinsic length increases),
the specimen size that is needed to determined the lower limit of the nominal strength for
a given test geometry must increase.
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